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The low energy systems of three or four neutrons are treated within the adiabatic hyperspherical
framework, yielding an understanding of the low energy quantum states in terms of an adiabatic
potential energy curve. The dominant low energy potential curve for each system, computed here
using widely accepted nucleon-nucleon interactions with and without the inclusion of a three-nucleon
force, shows no sign of a low energy resonance. However, both systems exhibit a low energy en-
hancement of the density of states, or of the Wigner-Smith time-delay, which derives from long-range
universal physics analogous to the Efimov effect. That enhancement could be relevant to under-
standing the low energy excess of correlated 4-neutron ejection events observed experimentally in a
nuclear reaction by Kisamori et al.[1]
The three- and four-neutron (3n and 4n) systems are
intriguing and important problems in few-nucleon funda-
mental physics that deserve a comprehensive, deep the-
oretical understanding. While no 4n bound state is gen-
erally believed to exist, there have been speculations for
decades about the possible existence of a long-lived reso-
nance in the 4-particle scattering continuum. Those early
speculations have evolved into renewed interest triggered
by the recent experimental observation of an enhanced
signal of 4 low energy neutrons emerging together, which
they tentatively interpreted as a possible 4n resonance
(or bound) state, by Kisamori et al.[1]. The present
Letter investigates the possible existence of a low en-
ergy resonance-like enhancement of the density of states
in both the 4n and 3n systems, using well established
nucleon-nucleon (NN) interactions, with and without the
inclusion of a three-nucleon force (3NF), and also using a
simple Gaussian potential adjusted to match the neutron-
neutron (nn) scattering length and effective range.
In our study, the low energy regions of the 3n and
4n systems are explored using the adiabatic hyperspher-
ical representation, which has a strong track record of
successfully predicting and interpreting resonances for
atomic systems.[2, 3] Our results with the aforementioned
potentials are consistent with strong enhancements of the
low-energy density of states (or Wigner-Smith time de-
lay) for both the 3n and 4n systems, although the nature
of the potential curves and the eigenphaseshift energy
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dependences make it clear that the enhanced density of
states should not be viewed as a resonance. Moreover,
neither the 3n nor the 4n system is close to possess-
ing a bound state. Our analysis also demonstrates how
the density of states enhancement can be understood in
terms of universal physics considerations that are closely
related to the Efimov effect.[4–6]
Remarkably, theoretical treatments to date have not
been able to reach a consensus agreement about whether
a 3n or 4n resonance exists, consistent with the presently
understood NN interaction potentials. The need for more
theoretical input into this problem is therefore clear,
given the conflicting conclusions reached so far by com-
peting theoretical methods. Specifically, some of the the-
ory published to date is consistent with the claimed ex-
perimental observation of a low energy resonance in the
4n system,[7, 8] whereas alternative theoretical analyses
are incompatible with a resonance or bound state inter-
pretation of the experimental measurement [9–16]. An
advantage of the present method based on the adiabatic
hyperspherical representation is that the absence of a res-
onance state is immediately clear visually after inspecting
the relevant adiabatic potential energy curve for the sys-
tem. Moreover, our quantitative calculation shows that
a nonresonant density of states enhancement is guaran-
teed to be present at low energies, owing to the attractive
hyperradial potential energy at very long range. Specifi-
cally, this connects with the universal behavior of three-
and four-fermion systems close to the unitarity limit. We
propose that such a density of states enhancement could
help to understand the enhanced production of four low
energy neutrons in the experiment of Kisamori et al.[1],
even in the absence of a tetraneutron resonance state.
The theoretical approach adopted here starts consider-
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2ing realistic nuclear interaction Hamiltonians. They are
constructed by an overal fit of the existing np and pp data
and, invoking charge symmetry invariance, they can be
applied to describe neutron systems as well. In particu-
lar, we have considered the AV18 and AV8’ NN poten-
tials [17] as well as the recent local NN potentials derived
within the chiral effective field theory approach [18, 19],
in particular the model NV2-Ia. With the AV18 poten-
tial, we have performed calculations with the inclusion of
the Urbana and Illinois 3NFs.[20–22] It should be noticed
that the two-body singlet nn scattering length is large
and negative, believed to be approximately a ≈ −18fm,
consistently reproduced by the NN interactions consid-
ered. Motivated by the large value of the nn scatter-
ing length, we have also carried out calculations using
a simple single Gaussian potential, adjusted to describe
that value and the corresponding effective range, in or-
der to explore connections with universal behavior and
the unitary limit of the three- and four-fermion systems.
In all our calculations it has been found that the use of
a particular form of NN potential, with or without the
inclusion of the 3NF, has comparatively little influence
on the results; in particular the inclusion of 3NFs only
slightly modified the potential curves around 1 - 2 fm,
making them more repulsive. The 3n and 4n Schro¨dinger
equations are then solved in the adiabatic hyperspheri-
cal representation [2, 23–25], which has a proven track
record in correctly predicting resonances, especially in
atomic and molecular physics contexts. After one diago-
nalizes the fixed-hyperradius Hamiltonian, Hρ=const, the
ρ-dependent eigenvalues Uν(ρ) act as adiabatic potential
energy curves (and couplings Wν,ν′) that often make it
immediately and visibly clear whether or not there is a
resonance, and they yield an immediate interpretation
if a resonance does exist [4]. Note for reference that two
successful predictions and interpretations of atomic shape
resonances, carried out within the adiabatic hyperspher-
ical framework in Refs.[2, 3], were eventually confirmed
by both experiment[26, 27] and by other theory for the
singlet electronic Lpi = 1− states of the negative ions H−
and Ps−.
The greatest numerical challenge in the present study
is the calculation of the 4n- and 3n- potential energy
curves Uν(ρ) and the elements of the coupling matrix
operator Wν,ν′(ρ) = − ~22µ (〈Φν | ∂∂ρΦν′〉 ∂∂ρ + 〈Φν | ∂
2
∂ρ2 Φν′〉) ,
where Φν are the adiabatic eigenfunctions. Our approach
tackles this variationally at each value of ρ, by expanding
the unknown adiabatic eigenfunctions (Φν) into a basis
set. Two different choices of the basis set have been im-
plemented in our study. The first is a set of coupled hy-
perspherical harmonics and spinors adapted to the sym-
metry of interest, e.g. Jpi = 0+ for the tetraneutron. The
second type of basis set implemented to solve the fixed-ρ
Schro¨dinger equation is a linear combination of correlated
Gaussian functions.[28–31] Following diagonalization of
Hρ=const at each ρ, a Rayleigh-Ritz upper bound on the
exact potential Uν(ρ) is obtained. The following theorem
is important for our subsequent analysis below: When the
hyperradial Schro¨dinger equation is solved in the lowest
potential curve, including also just the diagonal nonadia-
batic coupling terms Wν,ν(ρ), the lowest computed energy
of the system will be a rigorous upper bound to the ex-
act ground state energy. Much of our detailed analysis of
the resonance physics has been performed at the level of
the adiabatic approximation, which neglects off-diagonal
coupling terms. We have conducted tests of this approx-
imation as well, and they confirm its general validity for
the 3n- and 4n-systems considered here.
To understand the basic idea of the formulation, con-
sider first the one-dimensional hyperradial Schro¨dinger
equation. The single adiabatic term variational ansatz
for the wavefunction is written for N particles in their
relative frame as: Ψ(ρ,Ω) = ρ−(3N−4)/2Φ0(ρ; Ω)F0(ρ),
where Φ0(ρ; Ω) is the lowest adiabatic eigenfunction of
Hρ=const with eigenvalue U0(ρ) and repulsive diagonal
correction term W00(ρ). The radial equation then takes
the form:
− ~
2
2µ
d2
dρ2
F0(ρ) + (u0(ρ)− E)F0(ρ) = 0, (1)
where the full, effective adiabatic potential in the lowest
channel, including the diagonal correction term, is:
u0(ρ) ≡ U0(ρ) +W00(ρ). (2)
Note that u0(ρ) includes the effective centrifugal term
~2
2µ
(3N−6)(3N−4)
4ρ2 associated with the elimination of first
order hyperradial derivatives from the effective radial
Schro¨dinger equation. Here µ is a reference mass (we
use µ = m/2 with m the neutron mass), and the hyper-
radius ρ, for a system of equal mass particles, is defined
by the relation ρ2 ≡ 2NΣi<jr2ij , where rij is the distance
between neutrons i and j. Alternative representations
for the hyperradius, including generalizations to unequal
masses using Jacobi coordinates, can be found in review
articles, e.g. [4–6]
It is known from universality studies that for N -
particle systems dominated by a large magnitude two-
body scattering length a, their lowest long range hyper-
radial potential energy curve in the continuum has the
following asymptotic form, at ρ→∞:
u0(ρ)→ ~
2
2µ
(
leff(leff + 1)
ρ2
+ C
a
ρ3
)
, (3)
where C and leff depend on the number of particles and
their statistics; their values are given in Table I below
for the symmetries considered in the present study. The
adiabatic correction term W00(ρ) decays asymptotically
at least as fast as ρ−4 for the 3n and 4n systems and
therefore has no role in the above decomposition.
For the present problem, where the nn scattering
length is large and negative, the attractive long range
term proportional to a/ρ3 has key implications for
the low energy Wigner-Smith time-delay[32, 33], Q =
2~dδ/dE, which also measures the density of states of
3the system.[34] In particular the density of states di-
verges like E−1/2 as E → 0 since the scattering phaseshift
δ(E) at low energy can be seen perturbatively to equal
δ → −Cak/(2leff + 2leff2) as the wavenumber k → 0,
Table I. Unitarity (subscript u) and non–unitarity (no sub-
script) long–range (ρ→∞) coefficients of the lowest adiabatic
potential (see Eq.(3)). Our values of leff extracted at unitar-
ity are shown (a), as are the corresponding values at unitarity
obtained in accurate calculations by Yin and Blume(b).[35]
N (LS)Jpi leff C l
(a)
eff,u l
(b)
eff,u
3 (1 1
2
) 3
2
−
5/2 15.22 1.275 1.2727(1)
4 (00)0+ 5 86.68 2.027 2.0091(4)
Next consider the numerical computation of the adi-
abatic hyperspherical potential energy curves for the 3n
and 4n systems. The most technically demanding as-
pect of the present study is the diagonalization of the
fixed-ρ Hamiltonian to determine the eigenvalues, inter-
preted as potential energy curves Uν(ρ) and the diago-
nal adiabatic corrections Wν,ν(ρ). We use two different
variational basis sets, an expansion into hyperspherical
harmonics (extremely accurate at small and intermedi-
ate values of ρ)[36–38] and an expansion into correlated
Gaussian basis functions (more accurate at large ρ)[28–
30]. The HH basis produces well converged results for
the quantities of interest, Uν(ρ) and Wν,ν(ρ), in a rel-
atively large range of ρ values, 0 − 50fm and 0 − 30fm
for 3n and 4n respectively. At the end of this region all
potential models considered almost collapse onto a single
adiabatic curve and therefore one particular model can
be used for calculating the adiabatic curves beyond that
point. To this purpose we have used the correlated Gaus-
sian hyperspherical basis set (CGHS) [28, 30] in conexion
with the AV8’ interaction, which has a gaussian expan-
sion that efficiently connects with the CGHS method[39].
The lowest adiabatic hyperspherical potential energy
curves in the most attractive symmetries of the 4n and
3n systems, namely 0+ and 32
−
respectively, are plotted
in Fig.1. At a glance it is immediately apparent that the
lowest potential curve for both systems is totally repul-
sive, and moreover positive at all hyperradii, which guar-
antees both that there is no bound state and that there
can be no resonance state in the low energy range below
10 MeV. Nevertheless there is extensive attraction in the
system, which is apparent from the fact that the potential
curve lies everywhere well below the upper dashed curve
which would apply if there were zero interaction between
the neutrons. Over much of the range of ρ, in fact, both
systems are slightly closer to the unitary-limiting poten-
tials that would emerge if the two-body potential was
made even more attractive to give an infinite singlet n-n
scattering length (i.e., closer to the lower dashed curves
in Fig.1 ), than to the noninteracting limit.
The HH expansion includes the eigenfunctions of the
grand angular momentum operator K2, whith eigenval-
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Figure 1. (a) Hyperspherical potential curve for the most
attractive channel (0+ for 4n, 3
2
−
for 3n in the inset) for both
the four-neutron and three-neutron systems. Comparison of
the lowest 0+ 4n adiabatic hyperspherical potential energy
curves computed with the HH method (blue curves, getting
lower in energy with increasing basis set sizes, for the AV18
Hamiltonian; the best calculation from the largest HH basis
set is not accurately converged at hyperradii beyond approx-
imately 20 fm). The lowest solid magenta 4n (and 3n in the
inset) potential energy curve is computed using the correlated
Gaussian hyperspherical (CGHS method applied to the AV8’
Hamiltonian). The solid blue points are the adiabatic po-
tential calculated using a simple NN Gaussian potential (see
text). The lower dashed gray curves in both the main figure
and the inset are the expected long range ρ−2 potentials at
unitarity for this symmetry of the 4n and 3n systems, i.e. in
the infinite scattering length limit (see text and Table I). The
upper dashed gray curves are the corresponding potentials
for noninteracting neutrons. Clearly there is no local mini-
mum and no local maximum of the type that is always asso-
ciated with a quasi-bound resonance. (b) Plot of the function
C(ρ) ≡ (ρ/a)[ρ2u0(ρ)2µ/~2− leff(leff +1)] for the 3n case. Ac-
cording to Eq.(3), we should obtain C(ρ→∞) = C, where C
is the coefficient listed in Table I. We observe the slow conver-
gence for large ρ of the adiabatic potentials calculated using
the HH basis. However, it has to be noted that where the
convergence is achieved, the functions C(ρ) obtained for the
different interactions used in this work almost collapse onto
a single curve. Noticeably, this happens already for fairly
small values of rho, showing that the adiabatic potentials are
already universal at moderate values of the hyperradius. In
fact, the limit C(ρ) = C is reached only for ρ > 500 fm.
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Figure 2. Elastic scattering phaseshift versus the square root
of the energy for the CGHS calculation using the AV8’ poten-
tial, for the 4n 0+ symmetry as the upper magenta curve, and
for the 3n 3
2
−
symmetry as the lower magenta curve. Both
cases show the proportionality to
√
E dependence that holds
in the zero-energy limit, a consequence of the ρ−3 long range
potential energy term. The solid blue points that lie almost
exactly on top of these curves are computed using the lowest
3n and 4n hyperspherical potential curves based on a simple
2-body Gaussian potential interaction (see text).
ues K(K + 7) (4n) and K(K + 4) (3n), with values
of K ≥ 2 up to a maximum value Kmax = 140 (4n)
and Kmax = 801 (3n). The potentials u0(ρ) in Fig. 1
include the repulsive diagonal correction term W00(ρ)
and, in the 4n case, are shown for increasing values of
Kmax. The upper dashed curve is the expected asymp-
totic form of the lowest noninteracting potential curve,
namely uNI0 (ρ) → 30~
2
2µρ2 for the 4n 0
+ symmetry. The
lower dashed curve is the effective potential at unitarity,
i.e. uuniv0 (ρ) =
leff,u(leff,u+1)~2
2µρ2 , with leff,u given in Ta-
ble I for both the 3n and 4n systems; these values would
result if the neutrons interacted through a zero-range
potential that produces an infinite singlet nn scattering
length[35, 40]. This reduction of the effective centrifugal
barrier is reminiscent of Efimov physics, although there is
no true Efimov effect in this system even at unitarity, i.e.
no infinity of bound levels converging to zero energy as
one finds for three equal mass bosons at unitarity[4, 41].
Key evidence for our conclusions derives from the en-
ergy dependent scattering phaseshift δ(E) in the low-
est adiabatic channel representing the 3n to 3n contin-
uum and for the 4n to 4n continuum, shown in Fig.2.
Note that, while the results shown here have been ob-
tained in the single-channel adiabatic hyperspherical ap-
proximation, numerical tests have also been carried out
with full coupled-channel calculations of the multichannel
scattering matrix and time delay eigenvalues; there we
include all diagonal and off-diagonal nonadiabatic cou-
plings Wν,ν′ , and the results agree quantitatively with
the adiabatic results presented here.
Again, 3NFs have only a minor effect on these sys-
tems at short distances, without modifying the long range
part. This relative unimportance appears to be a conse-
quence of the greater Pauli repulsion on a system of 3 or
more neutrons, which suppresses the probability for more
than two neutrons to come close to each other. This sup-
pression does not occur for a mixed system of up to four
protons and neutrons which can all penetrate to much
closer inter-particle or hyperradial distances simultane-
ously. For this reason, our simple adiabatic potential
curve analysis is adequate to explain the absence of both
bound and resonant states of the 3n and 4n systems.
The Wigner-Smith time delay, defined in general as
Q(E) = i~SdS†/dE, which reduces for a single potential
curve to 2~dδ(E)/dE, also can be viewed (after division
by 2pi~) as the density of states enhancement associated
with particle interactions. Q(E) is reported in Fig.3 for
the 3n and 4n systems, in each case for both the AV8’
and the simple gaussian interaction; it has been rescaled
by
√
E since the product remains finite at E → 0. But
most critically for our conclusions, the density of states
shows no local maximum that would be expected for a
low energy resonance in either system. Both curves do
make clear the E−1/2 dependence of Q(E) in the zero
energy limit, a consequence of the ρ−3 term in the long-
range potentials for both the 3n and 4n systems.
Consider now the relationship between our present
conclusions and some of the alternative theoretical inves-
tigations that have been carried out previously for the 3n
and 4n systems. The studies closest to the present spirit,
as true scattering theory treatments, are Refs.[7, 10, 11]
There is a strong attraction in the 3n and 4n systems,
evidently, but this attraction competes with strong Pauli
repulsion. While the attraction does create a negative
ρ−3 term in the long range hyperradial potential, it can-
not overcome the ρ−2 repulsion that is far larger for three
or four neutrons than would be the case if two or even
one of the particles would be replaced by a proton.
One fundamental question is the extent to which
the 3n and 4n systems fit the pattern of universality
that has been well-established for cold fermionic atom
systems[5, 42, 43], especially in the context of the BCS-
BEC crossover problem.[44] We tackle this question by
introducing a very simple attractive potential with a
single Gaussian for the singlet nn interaction, with a
strength and range adjusted to give the correct singlet
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Figure 3. Rescaled Wigner-Smith time delays 2
√
Edδ/dE for
the AV8’ interaction (solid curves) and the simple Gaussian
interaction (blue points). The 4n results are the higher curve,
the 3n results the lower. These are again computed in the
lowest adiabatic hyperspherical potential energy curve for the
4n 0+ symmetry, and for the 3n 3
2
−
symmetry. These show
no local maximum that would be expected for a low energy
resonance in either system. Both figures do make clear the
E−1/2 dependence of the Wigner-Smith time delay (or density
of states) in the zero energy limit, which is a consequence of
the ρ−3 term in the long-range potentials for both the 3n and
4n systems.
n-n scattering length and effective range. Two different
choices for the triplet nn interaction have been tested,
either neglecting it altogether or setting a gaussian that
reproduces the AV8’ p-wave scattering volume and ef-
fective range; those two models are indistinguishable on
the scale of Figs.1-3. Results from this simple gaussian
Hamiltonian for the 3n system are shown in the inset of
Fig.1(a) as blue points on top of the AV8’ results shown
as the solid magenta potential curve; remarkably, the re-
sults are nearly indistinguishable.
Finally, we can speculate about the experimental ob-
servation of enhanced 4n coincident events in the obser-
vation of Kisamori et al.[1]. Even though, in the analy-
sis of that experiment, those enhanced low energy events
seemed to indicate existence of a low energy tetraneutron,
we speculate that the dramatically enhanced low energy
density of states that is evident in our calculations (in-
creasing as 1/
√
E) could be the origin of the strong low
energy 4n signal. This enhancement of the 4n density of
states is predicted to exist even though no resonance and
no bound state exists for the tetraneutron system.
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